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Abstract

Pasinetti (1988) constructs ‘vertically hyper-integrated labor coefficients’ for an eco-

nomic model that exhibits unbalanced growth. The hyper-integrated coefficients addi-

tionally include the labor required to produce investment goods as part of the labor cost

of reproducing commodities. In a hypothetical ‘natural’ state, with profits at non-uniform

‘natural’ rates, then prices, although not proportional to Classical labor-values, are propor-

tional to Pasinetti’s hyper-coefficients. The hyper-coefficients, Pasinetti suggests, provide

‘a complete generalization of the pure labor theory of value’. But in conditions of capital-

ist production-prices, with a uniform profit-rate, even Pasinetti’s more general ‘pure labor

theory of value’ breaks-down, since prices are not proportional to the hyper-coefficients,

a result that constitutes a ‘complete generalization of Marx’s “transformation problem”’.

In this paper I demonstrate that Pasinetti’s theoretical innovations imply a different

conclusion, specifically that the ‘pure labor theory of value’ holds generally. I extend

Pasinetti’s hyper-integrated approach and construct a measure of labor cost, vertically

super-integrated labor coefficients, which additionally includes the labor required to re-

produce the capitalist class at its conventional level of consumption. Production-prices

are proportional to the super-coefficients, a result that constitutes a general solution to

Marx’s “transformation problem” and completes Pasinetti’s generalization of the ‘pure

labor theory of value’.

1. Hyper-subsystems

Sraffa (1960, p. 89) proposed that an integrated economic system can be usefully de-

composed into ‘as many parts as there are commodities in its net product, in such a way

that each part forms a smaller self-replacing system the net product of which consists of
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only one kind of commodity. These parts we shall call “subsystems”.’ Pasinetti general-

izes Sraffa’s concept and represents a n-commodity economy, which exhibits unbalanced

growth, in terms of n ‘hyper-subsystems’.

A hyper-subsystem (Pasinetti, 1988) is a growing, vertically integrated, and therefore

self-contained, ‘subsystem’ dedicated to the production of a single consumption good as

net output. The total output of a hyper-subsystem is

qi(t) = qi(t)AT + (g + ri)qi(t)AT + ni(t), (1)

where qi(t) is a vector of n quantities, A = [ai, j] is a constant n×n input-output matrix, and

ni(t) is a zero vector except for the ith component, which is the scalar ni that represents

the final demand for commodity i. Total output, qi(t), therefore breaks down into (i)

replacement for used-up means of production, qi(t)AT, (ii) additional investment in means

of production, (g+ri)qi(t)AT, to meet increased demand for commodity i due to the growth

rate, g, of the labor force and the per-capita growth rate, ri, of consumption demand for

commodity i (which may be positive or negative), and (iv) the final output, or net output,

ni(t), which is the quantity of commodity i distributed to workers. The total labor supplied

to the hyper-subsystem is

Li(t) = lqT
i (t) = l (I − A(1 + g + ri))−1 nT

i (t), (2)

where l = [li] is a vector of n direct labor coefficients. The vector of total means of

production (replacement and additional capital investment) is

si(t) = qi(t)AT = ni(t)
(
I − AT(1 + g + ri)

)−1
AT. (3)

A hyper-subsystem therefore includes the labor and means of production necessary for

the reproduction of its output and the labor and net investment in means of production

necessary for its expansion at the growth rate (g + ri).1 The trajectory of final demand,

which Pasinetti defines as ni(t) = ni(0)e(g+ri)t (i.e., dni
dt = ni(g + ri)), drives the growth of

the subsystem.

1Equations (1), (2) and (3) are identical to equations (2.5), (2.6), and (2.7) in (Pasinetti, 1988) except, in
this paper, we make the simplifying assumption that B = I.
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For notational convenience I now drop explicit time parameters. All subsequent alge-

braic statements therefore hold at an implicit time t. (I consider the implications of the

trajectory of final demand in the appendix).

Pasinetti defines the gross output of his integrated economic system, which exhibits

unbalanced growth, in terms of the hyper-subsystems,

q = [qi] = qAT + gqAT +

 n∑
i=1

riqi

 AT + n, (4)

where q =
∑n

i=1 qi, n =
∑n

i=1 ni, and L = lq =
∑n

i=1 Li, with the standard restrictions on the

eigenvalues of A and the feasibility of growth rates.2

Pasinetti also defines prices for his economic system. He assumes that each hyper-

subsystem has its own ‘natural’ profit-rate, π?i , which ‘is equal to the rate of growth of

demand for the corresponding consumption good’ (Pasinetti, 1988, p. 129), i.e. we have

n natural profit-rates,

π?i = g + ri, i = 1, 2, . . . n

and, in consequence, n sets of natural prices, one for each hyper-subsystem,

pi = piA + piAπ?i + lw (5)

where pi is the vector of n natural prices for hyper-subsystem i and w is the wage rate.

Define X(i) as the ith column and X(i) as the ith row of X, where X is a row vector or

matrix. The total cost of commodity j in subsystem i therefore breaks down into (i) the

cost of replacing used-up means of production, (piA)( j), (ii) the cost of net investment in

additional means of production, (piA)( j)π
?
i , and (iii) the wage bill, liw.

In this natural set-up all profit is reinvested to meet workers’ consumption demands.

And, in general, each commodity-type has a different natural price in each hyper-subsystem.

2. Natural prices proportional to vertically hyper-integrated labor coefficients

Classical labor-values measure the direct and indirect labor required to reproduce unit

commodities. The standard equation, v = vA + l, sums the direct labor with the indi-

rect labor used-up to replace means of production. The natural prices of a single hyper-

subsystem, given by equation (5), are formally equivalent to a standard production-price

2Equation (4) is identical to equation (2.1) in (Pasinetti, 1989), except, again, we set B = I.
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equation with uniform profit-rate. In general, production-prices vary independently of

Classical labor-values because prices are a function of income distribution whereas labor-

values are not (hence Marx’s ‘transformation problem’; see Wright (2011) for a sum-

mary). The natural prices of the hyper-subsystems are a function of a ‘natural’ profit-rates

that are independent of Classical labor-values; hence these prices also vary independently

of labor-values.

Marxist writers often assume that the existence of capitalist profit-making is the essen-

tial cause of the divergence of production-prices and labor-values. However, the economy

defined by (4) with per-subsystem natural prices (5) is a counter-example. In this econ-

omy all profit is reinvested to meet worker consumption and wages are the only kind of

income; capitalist profit is therefore absent. Nonetheless we are faced with a transforma-

tion problem. Capitalist profit-making, therefore, is merely a sufficient, not a necessary,

condition for a transformation problem (this point was made, somewhat differently, by

von Weizsäcker and Samuelson (1971)).

However, Classical labor-values do not exhaust the possible measures of labor cost.

Pasinetti generalizes the notion of labor cost and constructs ‘vertically hyper-integrated

labor coefficients’,

v?i = l + v?i A + v?i A(g + ri) = l (I − A(1 + g + ri))−1 , (6)

which measure the direct (l), indirect (v?i A) and ‘hyper-indirect’ (v?i A(g + ri)) labor re-

quired to reproduce commodities within subsystem i.3 Classical labor-values do not count

the labor supplied to produce net investment goods as part of the labor costs of produc-

tion. In contrast, Pasinetti’s hyper-integrated labor coefficients count this labor as a cost

of production. (In the special case of zero growth, i.e. g + ri = 0, hyper-integrated labor

coefficients equal Classical labor-values.)

In fact, the natural prices of each subsystem are proportional to vertically hyper-

integrated labor coefficients:

pi = piA + piAπ?i + lw = l
(
I − A(1 + π?i )

)−1 w = v?i w.

Prices, therefore, are the total wage bill of the direct, indirect and hyper-indirect labor

required to reproduce unit commodities.

3Equation (6) is identical to equation (2.9) in (Pasinetti, 1988) except B = I.
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Pasinetti (1988) notes ‘this is a complete generalization of the pure labor theory of

value’ that recreates Adam Smith’s ‘early and rude state’ of society in which ‘labor em-

bodied’ equals ‘labor commanded’. ‘The analytical step that allows the achievement of

this result is of course a re-definition of the concept of “labor embodied”, which must

be intended as the quantity of labor required directly, indirectly and hyper-indirectly to

obtain the corresponding commodity as a consumption good’ (Pasinetti, 1988).

In this context, if we measure total labor costs of production, i.e. vertically hyper-

integrated labor coefficients, rather than partial labor costs, i.e. Classical labor-values,

then a transformation problem does not arise within the hyper-subsystems

3. ‘A complete generalization of Marx’s “transformation problem”’

Pasinetti now considers a single ‘capitalist’ price structure for the growing economy

where the return to money-capital advanced to production is uniform across sectors. The

production-price equation with wages paid post factum,

p = pA + pAπ + lw, (7)

imposes a single, uniform profit-rate, π, in each sector of production (in contrast, natural

prices (5) impose a different profit-rate, πi, in each hyper-subsystem of production). The

profit income generated in each sector is now proportional to the investment in means of

production, i.e. pAπ.

The transparent relationship between prices and hyper-integrated labor coefficients

breaks down if production-prices (7) rather than ‘natural’ prices (5) prevail. To show this

Pasinetti writes equation (7) as

p = pA + pA(g + ri) + pA(π − g − ri) + lw, (8)

where g + ri is the growth rate of demand for any consumption good we care to choose

(here we have chosen the ith commodity). For convenience define the matrix Mi =

A (I − A(1 + g + ri))−1. Then we can write production-price equation (7) in n different,
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but equivalent, forms,

p = v?i (I −Mi(π − g − ri))−1 w, i = 1, 2, . . . , n.4 (9)

Consider, for a moment, the special, or accidental case, in which the general profit-

rate equals the growth rate of demand for commodity i; that is, π = g + ri. Equation (9)

then collapses to p = v?i w and production-prices are proportional to the vertically hyper-

integrated labor coefficients of hyper-subsystem i (and therefore identical to the ‘natural’

prices of subsystem i). But in general, π , g+ ri for any i, and therefore production-prices

are not proportional to any hyper-integrated labor coefficient of any hyper-subsystem. In

fact, the production-prices of growing economic system (4) vary independently of verti-

cally hyper-integrated labor coefficients because prices are a function of a distributional

variable, π, whereas hyper-integrated labor coefficients are not. Pasinetti (1988) notes,

therefore, that equation (9) ‘can also be regarded as providing a complete generalization

of Marx’s “transformation problem”. Equation (9) “transforms” the physical quantities of

labor v?i into the prices p of an economic system in which there is a uniform rate of profits

π’.

4. The labor theory of value as a ‘logical frame of reference’

In summary, if we relate Classical labor-values to the natural prices of a hyper-

subsystem we encounter a ‘transformation problem’: labor costs and money costs are

incommensurate. The fundamental reason for the existence of this ‘transformation prob-

lem’ is simple: the natural prices of a hyper-subsystem count the money cost of net in-

vestment as a component of the price of commodities, whereas Classical labor-values do

not count the labor cost of net investment as a component of the labor-value commodities.

In this case, the dual systems of money and labor adopt different, and incommensurable,

cost accounting conventions.

4Equation (9) is identical to equation (4.5) in (Pasinetti, 1988), and we derive it from equation (8):

p = pA + pA(g + ri) + pA(π − g − ri) + lw
p(I − A(1 + g + ri)) = lw + pA(π − g − ri)

p = l(I − A(1 + g + ri))−1w + pA(I − A(1 + g + ri))−1(π − g − ri)
= v?i w + pMi(π − g − ri).
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The ‘transformation problem’ dissolves once we relate natural prices to hyper-

integrated labor coefficients. Hyper-integrated labor coefficients adopt the same account-

ing convention as the price system, and therefore count the labor cost of net investment as

a component of the labor-value of commodities. Commensurability is thereby restored.

Pasinetti understands that, in certain circumstances, Classical labor-values under-

count the total labor costs of production. He therefore constructs a more general mea-

sure of labor cost appropriate to the more general economic setting, specifically vertically

hyper-integrated labor coefficients, which include the additional labor used-up to expand

a hyper-subsystem at a given growth rate. Pasinetti re-encounters a ‘transformation prob-

lem’ when he relates hyper-integrated labor coefficients to production-prices, which are

incommensurate. In an earlier work he concludes that this ‘analysis amounts to a demon-

stration that a theory of value in terms of pure labor can never reflect the price structure

that emerges from the operation of the market in a capitalist economy, simply because the

market is an institutional mechanism that makes proportionality to physical quantities of

labor impossible to realize’ (Pasinetti, 1981, p. 153). And that, for him, is the end of the

matter.

In consequence, Pasinetti simultaneously promotes and demotes the ‘pure labor the-

ory of value’ to a Platonic realm of ideal economic forms, where it ‘has to be taken as

providing a logical frame of reference – a conceptual construction which defines a series,

actually a family of series, of ideal natural prices, which possess an extraordinarily high

number of remarkable, analytical, and normative, properties’ (my emphasis) (Pasinetti,

1988).

I now show that Pasinetti’s conclusion is mistaken by constructing a measure of labor

cost that generalizes the concept of hyper-integrated labor coefficients to a growing eco-

nomic system in which a capitalist class receives profit income. Production-prices are,

in fact, proportional to these more general labor costs. Hence, the labor theory of value,

suitably generalized, is perfectly applicable to the ‘operation of the market in a capitalist

economy’.

5. The real distribution of income

Our new, generalized measure of labor-value, ‘vertically super-integrated labor coeffi-

cients’, denoted v̂, extends the process of vertical integration beyond hyper-indirect labor.
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In order to define v̂ we need additional physical data regarding the flow of products to

households, specifically how the distribution and consumption of the net product, n, is

synchronized with the production of commodities.

Assume that, in the aggregate, workers consume real wage w. The rate of consumption

per unit of labor supplied is (1/lqT)w. Matrix W = [wi, j] = (1/lqT)wTl is therefore a

matrix of worker consumption coefficients, where each wi, j is the quantity of commodity

i workers consume per unit output of j.

Assume that, in the aggregate, capitalists consume a commodity bundle with propor-

tions given by vector c (which we arbitrarily normalize). In Pasinetti’s price equation

(7) profit is proportional to the money-capital ‘tied up’ in circulating capital. The profit

is invested in additional means of production, to grow the scale of production, leaving

a residual for personal consumption. In general, the residual available for consumption

differs between sectors because the proportion of profit reinvested in additional means of

production is non-uniform.5 We observe, therefore, that the physical flow of consumption

goods, per unit of output, differs between a firm owner in sector i compared to sector j.

Define α = [αi] as a vector of ‘residual coefficients’, where each αi is the fraction of

bundle c consumed by capitalists per unit output in sector i (i.e., a firm owner in sector

i consumes αic per unit output of commodity i). Matrix C = [ci, j] = cTα is therefore a

matrix of capitalist consumption coefficients, where each ci, j is the quantity of commodity

i capitalists consume per unit output of j.

Matrices W and C compactly describe the physical flow of consumption goods to

worker and capitalist households. For convenience define the ‘non-uniform growth vec-

tor’,

g = [gi] =

n∑
i=1

riqi,

where qi is the total output of hyper-subsystem i as defined by equation (1) (vector g

features in Pasinetti’s quantity equation (4)). Each element of g is the total additional

quantity of i required to satisfy the total non-uniformly growing demand for it.

We now rewrite Pasinetti’s quantity equation (4) and price equation (7) in the equiva-

5However, Pasinetti’s price equation is arguably not ‘arbitrage free’, in the Classical sense of a natural
price, for the system under consideration.
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lent forms,

q = qAT(1 + g) + gAT + qWT + qCT (10)

p = pA(1 + π) + lw, (11)

which explicitly disaggregates the net product n, into worker and capitalist consumption,

i.e. n = qWT + qCT. Note that equation system (10), (11) is equivalent to Pasinetti’s

equation system (4), (7).

We assume, following Pasinetti, that aggregate demand equals aggregate income.6 In

consequence, workers spend all their wage income on the real wage,

lqTw = pWqT, (12)

and capitalists spend all their residual income on consumption,

pA(i)qi(π − g) − pA(i)gi = pC(i)qi, i = 1, 2, . . . n (13)

Equations (12) and (13) link the real and nominal distribution of income in the circum-

stance of a uniform profit-rate. In consequence, if we take the profit-rate as exogenous, as

is conventional, then equation (13) implies a real distribution of income consistent with

that profit-rate; alternatively, if we take the real distribution of income as exogenous then

equation (13) implies a uniform profit-rate consistent with that real distribution.

Now we have specified the real distribution of income we can construct the vertically

super-integrated labor coefficients.

6. Vertically super-integrated labor coefficients

Super-integrated labor coefficients include the ‘super-indirect’ labor supplied to pro-

duce capitalist consumption goods; in other words, these coefficients count the labor cost

of the reproduction of the capitalist class at its conventional level of consumption as part

of the physical costs of production.

First, for convenience, we define some matrices. Matrix Ag = [gai, j] is a matrix of

uniform growth coefficients, where each gai, j is the quantity of commodity i, required as

6E.g., Pasinetti’s equations (2.1) and (3.4) imply pnT
i = lqT

i which implies the equality of aggregate
demand and aggregate income in the integrated system.
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additional means of production per unit of j, to satisfy the uniform growth in demand for

commodity j. The scalar γi = gi/qi, where qi is the total output of commodity i, gives

the additional quantity of i required to meet the non-uniform demand per unit output.

Define Γ = diag(γ) as the diagonal matrix with entries given by vector γ = [γi]. Matrix

AΓ = [γi, j] is then a matrix of non-uniform growth coefficients, where each γi, j is the

quantity of commodity i, required as additional means of production per unit of j, to

satisfy the non-uniform growth in demand for commodity j. The technique augmented by

hyper and super-indirect physical costs of production is then

Â = A + Ag + AΓ + C.

Matrix Â compactly represents the direct input requirements for the production of each

commodity-type including the requirements for growth and the reproduction of the capi-

talist class.

We will construct the super-integrated coefficients step-by-step by summing the la-

bor supplied in an extended process of vertical integration. Consider the production of

1 unit of commodity i in system (10), (11). How much labor does this production re-

quire? It requires li units of direct labor, lA(i) units of indirect labor, lA(i)(g + γi) units of

hyper-indirect labor and lC(i) units of super-indirect labor, giving a total of lÂ(i) units of

labor operating in parallel to produce the output, replace used-up means of production,

produce additional capital investment and produce capitalist consumption goods, respec-

tively. However, the indirect, hyper and super-indirect production itself uses-up means of

production and consumption goods, specifically the bundle ÂÂ(i), which is contempora-

neously replaced by the supply of additional labor, lÂÂ(i). To count all the direct, indirect,

hyper and super-indirect labor we must continue the sum; that is,

v̂i = li + lÂ(i) + lÂÂ(i) + lÂ2Â(i) + . . .

= li + l
 ∞∑

n=0

Ân

 Â(i).

This sum represents the total labor supplied to a ‘super-subsystem’, which is a general-

ization of a hyper-subsystem that additionally includes the labor and means of production

necessary for the reproduction of a capitalist class.

The vector v̂ of super-integrated coefficients is therefore v̂ = l + l
(∑∞

n=0 Ân
)

Â =

l
∑∞

n=0 Ân. On assumption that the growth and consumption requirements are feasible,
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given the technology, then matrix Â is productive. We may then replace the infinite series

with the Leontief inverse, l
∑∞

n=0 Ân = l(I − Â)−1; in consequence:

Definition 1. Vertically super-integrated labor coefficients, v̂, are given by

v̂ = l + v̂Â
= l + v̂A + v̂A(g + Γ) + v̂C, (14)

which is the sum of direct, indirect, hyper-indirect and super-indirect labor costs.

Pasinetti’s hyper-integrated coefficients apply to a single, isolated hyper-subsystem

and ignore the cross-demand effects of non-uniform growth in other hyper-subsystems,

whereas the super-integrated coefficients include cross-demand effects. In consequence,

hyper-integrated coefficients are not a special case of super-integrated coefficients.

Hyper and super-integrated coefficients are identical in circumstances of zero non-

uniform growth (i.e., ri = 0 for all i) and zero capitalist consumption (i.e., C = 0).

Nonstandard labor-values (Wright, 2009, 2011) are a special case of super-integrated

coefficients in circumstances of zero growth with capitalist consumption (i.e., simple re-

production).

Finally, super-integrated, hyper-integrated and nonstandard labor-values all collapse to

the Classical definition of labor-value in circumstances of zero growth and zero capitalist

consumption (i.e., simple commodity production).

7. Production-prices proportional to vertically super-integrated labor coefficients

We now state the main result of this paper.

Theorem 1. Production-prices are proportional to vertically super-integrated labor co-
efficients; that is, p = v̂w.

Proof. Multiply quantity equation (10) by prices p to give,

pqT = pAqT(1 + g) + pAgT + pWqT + pCqT.

Substitute for (12) and rearrange,

p(qT − AqT(1 + g) − AgT − CqT) − lqTw = 0
(p(I − A(1 + g) − AΓ − C) − lw)qT = 0

(p(I − Â) − lw)qT = 0,

which has the form of a dot product equation x ·q = 0, where x = p(I− Â)− lw. Either (i)
x is orthogonal to q or (ii) x or q is 0. Consider case (i): Given non-negative consumption
requirements vector q is positive. Hence any orthogonal vector x = [xi] must have at least
one xi < 0. Given feasible growth and consumption requirements vector x is non-negative.
Hence x is not orthogonal to q. Consider case (ii): since q is positive x = 0; therefore:
p = l(I − Â)−1w = v̂w.
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Production-prices are the total wage bill of the direct, indirect, hyper-indirect and

super-indirect labor required to reproduce unit commodities. Once again, a more general

definition of labor costs recreates Adam Smith’s ‘early and rude state’ of society in which

‘labor embodied’ equals ‘labor commanded’.

Theorem 1 is a member of a family of ‘equivalence theorems’ between total labor

costs and natural prices in various economic situations. For instance, Theorem 1, in con-

ditions of zero growth, reduces to a proof of the proportionality between production-prices

and ‘nonstandard’ labor-values in a state of simple reproduction (e.g., see Wright (2009,

2011)).

Such equivalence theorems, it should be emphasized, destroy the basis of any claim

that prices cannot represent labor costs in virtue of Marx’s transformation problem.

Production-prices, as Marx knew, do not represent Classical labor-values in a simple and

direct manner; but neither do they represent some aggregate transform of Classical labor-

values, as he sketched in Volume 3 of Capital (Marx, 1971). In general, natural price

structures represent total labor-values, of which nonstandard and super-integrated labor-

values are specific examples.

Note that super-integrated labor coefficients, although more complex than Classical

labor-values, nonetheless measure actual labor supplied during the period of production.

For example, an immediate consequence of Theorem 1 is the equality of total labor sup-

plied and the super-integrated labor-value of the real wage, lqT = v̂wT. We may therefore

classify the total labor supplied in two ways: as (i) labor directly supplied to each sector

of production, lqT, or (ii) labor directly supplied to each super-subsystem, v̂wT. The clas-

sifications are quantitatively equivalent because the super-subsystems collectively output

the real wage and exhaust all the available labor.

8. A general solution of Marx’s ‘transformation problem’

Production-prices count the money cost of reproducing the capitalist class as a com-

ponent of the price of commodities, whereas Classical labor-values omit the labor cost of

reproducing the capitalist class as a component of the labor-value of commodities. The

dual systems of price and labor-value employ different cost accounting conventions. The

price system measures total costs whereas the labor-value system measures partial costs.
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A ‘category-mistake’ (Ryle, [1949] 1984) is the conceptual mistake of expecting some

concept or thing to possess properties it cannot have. The Classical authors, such as Ri-

cardo or Marx, commit a category-mistake when they expect their partial measure of labor

cost to be commensurate with a total measure of money costs. This expectation is nec-

essarily confounded since only a total measure of labor cost can possess such a property.

Hence Ricardo’s problem of an invariable measure of value and Marx’s transformation

problem (Wright, 2011).

Once we identify the category-mistake we can avoid it. For instance, the Classical

antinomies dissolve when we adopt a more general definition of labor-value, which I have

called ‘nonstandard’, which is the correct measure of total labor costs in circumstances of

simple reproduction.

Pasinetti recognizes the need for more general definitions of labor-value that take into

account other non-technical features of the circumstances of production, such as the la-

bor cost of net capital investment. Despite this important conceptual advance, Pasinetti

nonetheless believes, in virtue of the long-standing Classical antinomies and the incom-

mensurability of his hyper-integrated labor coefficients and production prices, that a labor

theory of value ‘can never reflect the price structure that emerges from the operation of

the market in a capitalist economy’ (Pasinetti, 1981, p. 153).

Theorem 1 demonstrates the contrary. Production-prices are, in fact, commensurate

to labor costs, suitably measured. In Pasinetti’s economic system (4) and (7) the labor

costs that production-prices represent, or ‘measure’, are precisely the vertically super-

integrated labor-values. In this context, Pasinetti’s hyper-integrated labor coefficients are

partial, not total, labor costs.

Pasinetti has therefore provided a ‘complete generalization of Marx’s “transforma-

tion problem”’ (Pasinetti, 1988) only by reproducing, at a higher level of generality, the

underlying category-mistake that caused its manifestation.

Pasinetti’s ‘natural system’, and its corresponding ‘pure labor theory of value’, is a

powerful analytic device that reveals fundamental constraints and requirements that any

economic system must satisfy. But Pasinetti’s restriction of the labor theory of value

to a normative role, a kind of ‘logical frame of reference’, is an unwarranted retreat to

idealism that unfortunately constitutes an obstacle to our understanding of the relation
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between money and labor in the actual economic systems we live in.

More generally, the post-Sraffian separation of the Classical ‘surplus’ approach to

income distribution from its labor theory of value reproduces the Classical category-

mistake. This separation does not constitute a sophisticated rejection of naive substance

theories of value but indicates a failure to resolve the Classical antinomies. The ‘surplus

approach’ therefore dispenses with an essential aim of a theory of economic value, which

is to explain what the unit of account might measure or refer to. Theorem 1 (and related

equivalence theorems) start to put the pieces back together again.

9. Appendix

9.1. A numerical example

Here, for clarity, I present a numerical example of Theorem 1 for a n = 2 economy.

The exogenous parameters are, A =

 0.01 0.05

0.01 0.02

, l = [ 0.01 0.2 ], w = [ 0.2 0.01 ],

C =

 0.00039 0.00095

0.0016 0.0038

, g = 0.2, and r = [ 0.05 0.03 ], which are observed physical

properties of an economic system described by Pasinetti’s equations (10) and (11).

This is sufficient information to compute the super-integrated labor-values. First solve

for physical quantities q of the integrated system (10) by substituting hyper-subsystem

equations (1), with ni =
(
q(WT + CT)

)(i)
, into vector g. This gives q = [ 0.203 0.013 ]

and therefore g = [ 0.0102 0.000449 ] and matrix Γ =

 0.05 0

0 0.034

. The technique

augmented by hyper and super-indirect physical costs of production is Â = A(1 + g +Γ) +

C =

 0.0129 0.0626

0.0141 0.0285

. Solve equation (14) to give the vertically super-integrated labor

coefficients, v̂ = [ 0.013 0.207 ].

The uniform profit-rate consistent with the real distribution of income, from equation

(13) (with i = 1 or i = 2), is π = 0.4. Solve equation (11) to give production-prices

p = [ 0.013 0.207 ]w.

Hence p = v̂w, as per Theorem 1.
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9.2. Demand growth

Pasinetti’s final demand grows exponentially. We can split the growth of final demand

into growth of the real wage and growth of capitalist consumption,

n(t) = [ni(0)e(g+ri)t]

= q(t)WT(t) + q(t)CT(t)

= w(t) + α(t)qT(t)c

=
[(

wi(0) + α(t)qT(t)ci

)
e(g+ri)t

]
.

The total quantities q and residual coefficients α therefore also grow (or shrink) over time.

However, in Pasinetti’s growth model, prices p are constant since aggregate demand

equals aggregate supply at all times t. Pasinetti’s dynamic model does not include out-of-

equilibrium non-clearing prices, or unsold inventories etc. It therefore follows, from The-

orem 1, that vertically super-integrated coefficients, v̂, are constant over time. Hence the

proportionality of production-prices and super-integrated labor-values is a time-invariant

property of Pasinetti’s model.
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